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013.06.0Abstract Ideal proportional navigation (IPN) is a natural choice for exoatmospheric interception
for its mighty capture capability and ease of implementation. The closed-form solution of two-
dimensional ideal proportional navigation was conducted in previous public literature, whereas
the practical interception happens in the three-dimensional space. A novel set of relative dynamic
equations is adopted in this paper, which is with the advantage of decoupling relative motion in
the instantaneous rotation plane of the line of sight from the rotation of this plane. The dimen-
sion-reduced IPN is constructed in this instantaneous plane, which functions as a three-dimensional
guidance law. The trajectory features of dimension-reduced IPN are explored, and the capture
regions of dimension-reduced IPN with limited acceleration against nonmaneuvering and maneu-
vering targets are analyzed by using phase plane method. It is proved that the capture capability
of IPN is much stronger than true proportional navigation (TPN), no matter the target maneuvers
or not. Finally, simulation results indicate that IPN is more effective than TPN in exoatmospheric
interception scenarios.
ª 2013 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
Open access under CC BY-NC-ND license.1. Introduction
The capture capability of proportional navigation (PN)
against maneuvering or nonmaneuvering target has been
widely studied by a great amount of literature in two-dimen-
sional (2D) space since its appearance in the 1940s. The ﬁrst
signiﬁcant analytical study on the performance evaluation of1 84573196.
du.cn (K. Li), chenl@nudt.
orial Committee of CJA.
g by Elsevier
ing by Elsevier Ltd. on behalf of C
07true proportional navigation (TPN) in a nonlinear framework
was explored by Guelman.1 The capture region of the realistic
version of TPN (RTPN) was investigated by Dhar and
Ghose.2 A maneuvering target with acceleration proportional
to the closing speed and normal to the line of sight (LOS)
was considered in Yuan’s paper.3 In Yuan’s another paper,4
the biased proportional navigation (BPN), proposed by Murt-
augh and Criel5 in a linearized setting, was studied. The cap-
ture conditions of TPN and RTPN against a maneuvering
target whose maneuvering acceleration was inversely propor-
tional to the LOS rate and the range-to-go were researched
by Ghose.6
The class of generalized proportional navigation (GPN)
laws was ﬁrstly proposed in Ref.7. The closed-form solution
was derived, and it was found that GPN was superior to
TPN with a larger capture region and a shorter interceptionSAA & BUAA. Open access under CC BY-NC-ND license.
Fig. 1 2D engagement geometry.
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sented. The capture region, interceptor acceleration, and inter-
ception time were derived in a general form. TPN,1 GPN,7 and
prediction guidance law (PRG),9 were taken as examples with
this uniﬁed approach. In Ref.10 the general frame was extended
to embed the relative distance r in the reference direction of
interceptor.
Shukla and Mahapatra11 compared the TPN series (includ-
ing TPN, generalized true proportional navigation (GTPN)
and the general guidance law proposed in Ref.8) with pure pro-
portional navigation (PPN) in detail, and they found LOS ref-
erenced PN laws to be impractical, for reasons of
implementation embarrassment, inefﬁcient control effort, rela-
tively restricted capture region, etc. Yuan and Chern12 ad-
vanced the ideal proportional navigation (IPN) which used
the relative velocity as the referenced direction of interceptor.
According to the closed-form solutions of IPN, the capture cri-
terion of IPN was only related to the navigation constant. With
some more energy consumption, IPN had a larger capture area
and was much more effective than any other PN laws.
The misconceptions and errors of GTPN in Ref.7 was cor-
rected by Ghose.13 It was found that the capture region for
GTPN still remained a proper subset of PPN, and after a min-
or modiﬁcation of GTPN, it would expand to be almost com-
parable to PPN.
It has been believed that the general framework of LOS-ref-
erenced PN laws could not be applied to PPN until a uniﬁed
approach to all the existing PN laws was proposed in Ref.14.
Six PN laws including TPN, RTPN, GTPN, IPN, PPN and
optimal proportional navigation (OPN) were solved
analytically.
The investigations on PN laws mentioned above were con-
ducted in 2D space. However, practical interceptions always
happen in 3D environment. Adler15 did some early research
on 3D PPN. The concept of ‘‘unit relative angular momen-
tum’’ to the analysis of 3D relative motion was extended in
Refs.16–18. A new coordinate system was introduced, wherein
the 3D relative dynamic equations were established, with
the advantage of decoupling the radial motion from the
tangential motion. Wang and Zhou19 used dynamic equations
in Refs.16–18 to study the capture capability of 3D IPN, and
proved that the capture condition of 3D IPN was just the same
as its 2D version.
Through working over the basic requirements of capture,
Duﬂos et al.20 presented a novel approach called ‘‘guidance
law modeling’’ which is similar to IPN. Tyan21,22 extended
the uniﬁed approach to PN laws14 in 3D space by using modi-
ﬁed polar coordinates (MPC) to construct relative dynamic
equations. However, the state variables employed in MPC were
complex and with loss of physical insight. Tyan23 later deduced
simpler kinematic equations of LOS and relative motion. PN
guidance laws were also utilized in rendezvous problems.24,25
Based on the study of differential geometric guidance
commands in Refs.26–29, Refs.30,31 presented a set of relative
dynamic equations between interceptor and target, which is
with the advantage of decoupling the relative motion in
the instantaneous rotation plane of LOS (IRPL) from the
rotation of this plane. In this way, 2D PN guidance laws
could be directly introduced in IRPL for 3D guidance and
control.
It could be concluded from Refs.12,14 that IPN may be the
most natural choice for exoatmospheric interception, for thecapture area of IPN is nearly equal to that of PPN and for
the ease of implementation. However, 3D IPN has not been
thoroughly explored up to now. In this paper, the dimen-
sion-reduced IPN in IRPL, which could be used in 3D inter-
ception scenario, will be constructed. The trajectory features
will be discussed and the capture region will be explored with
the phase plane method.21
2. Dimension-reduced IPN in IRPL
A randomly maneuvering target is considered to construct the
relative dynamic equations. Both the interceptor and target are
taken as geometric points. The relative dynamic vector equa-
tion between the interceptor and the target is as follows:30,31
a ¼ ð€r rx2s Þer þ ðr _xs þ 2 _rxsÞeh þ rxsXsex ð1Þ
where r is the relative distance, er the unit vector of LOS and
ex the unit vector of the angular velocity of LOS. Denoting
eh = ex · er being the unit normal vector of LOS, then er, eh
and ex form orthonormal bases of a rotatable coordinate sys-
tem called ‘‘LOS rotation coordinate system’’ in this study.
The plane spanned by er and eh corresponds to the IRPL. xs
is the instantaneous LOS rate, and Xs the rotation rate of
IRPL. The angular velocity of LOS is denoted as xs = xsex,
and the angular velocity of IRPL is denoted as Xs = Xser.
Eq. (1) can be rewritten into three scalar equations:
€r rx2s ¼ atr  amr
r _xs þ 2 _rxs ¼ ath  amh
rxsXs ¼ atx  amx
8><
>: ð2Þ
where a represents the magnitude of acceleration; the sub-
scripts ‘‘t’’ and ‘‘m’’ represent variables that belong to the tar-
get and the interceptor, respectively; the subscripts ‘‘r’’, ‘‘h’’,
and ‘‘x’’ represent the projections of a variable along er, eh
and ex, respectively.
The above equations show that r and xs are decoupled with
Xs respectively, which means the interceptor-target relative
motion could be treated by decomposing it into the following
two submotions: (1) The 2D relative motion in IRPL; (2) The
rotation of IRPL.
The 2D IPN was ﬁrstly proposed by Yuan and Chern12,
viz.,
am ¼ Nðr _h2er  _r _hehÞ ð3Þ
where a represents the acceleration vector; N is the navigation
constant, er the LOS vector in 2D space, eh the direction verti-
cal to LOS in 2D space, r the relative distance, and _h the 2D
LOS rate. As shown in Fig. 1.
978 K. Li et al.2D IPN is included in the general scheme of PN guidance
laws in Ref.14. And the generalized scheme14 of IPN with the
reference velocity L= V, where V is the relative velocity,
could be directly introduced in the IRPL, viz.,
am ¼ NV xs
¼ Nð _rer þ rxsehÞ  xsex
¼ Nrx2s er N _rxseh ð4Þ
which is the so-called ‘‘dimension-reduced IPN’’ in this paper.
er and eh in Eq. (4) are 3D vectors, which are different from
Eq. (3). The component of am along LOS is always nonnega-
tive, which means, for exoatmospheric interceptor, only an
additional thruster in the longitudinal body axis is needed to
realize this guidance law.
The trajectory features and capturablity of IPN in 2D space
were studied before. In this section, the characteristics of this
dimension-reduced IPN in 3D space will be investigated with
nonmaneuvering and maneuvering targets, respectively.
2.1. Dimension-reduced IPN with nonmaneuvering target
The dynamic equations of interceptor with respect to a nonma-
neuvering target can be described as:
€r rx2s ¼ Nrx2s
r _xs þ 2 _rxs ¼ N _rxs
rxsXs ¼ 0
8><
>: ð5Þ
From the third equation of Eq. (5) we can see that Xs = 0,
which means IRPL is ﬁxed and the analysis of 2D IPN could
be straightforwardly used under this situation. As presented in
Ref.12 the following relationship could be derived from the
second equation of Eq. (5):
xs ¼ xs0 r
r0
 N2
ð6Þ
where the subscript ‘‘0’’ means the initial value of a variable.
The solution of _r could be obtained as:
_r2 ¼ _r20 þ r20x2s0 1
r
r0
 2ðN1Þ" #
¼ V20  V2h0
 r
r0
2ðN1Þ ð7Þ
where Vh is the magnitude of the relative velocity vertical to
LOS.
According to Eqs. (6) and (7), the magnitude of the relative
velocity could be obtained as:
V ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
V2r þ V2h
q
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_r20 þ ðr0xs0Þ2
q
¼ V0 ð8Þ
whereVr is the closing speed. Eq. (8)means the relative speed be-
tween interceptor and target will keep constant during the
engagement. If we assume that / is the angle between er and
V, then
rxs ¼ V sin/ ¼ r0xs0 r
r0
 N1
ð9Þ
or
sin/ ¼ r
r0
 N1
r0xs0
V0
¼ r
r0
 N1
sin/0 ð10Þwhere sin /0 = r0xs0/V0. And Eq. (10) means that the relative
velocity turns towards LOS continuously during the
engagement.
The magnitude of commanded acceleration of IPN could be
obtained as:
am ¼ N
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðrx2s Þ2 þ ð _rxsÞ2
q
¼ NV0xs0 r
r0
 N2
ð11Þ
For the purpose of preventing am from being inﬁnite, N should
be larger than 2.
The interception time, relationship between r and h (the as-
pect angle of LOS in IRPL), and total cumulative velocity
increment were deeply discussed by Yuan and Chern in 2D
space in Ref.12 as shown hereinafter.
The current interception time t and the total interception
time T are expressed as:
t¼
Z r
r0
drﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
V20ðr0xs0Þ2
r
r0
 2ðN1Þs
T¼ ðsin/0Þ
ðN2Þ=ðN1Þ
N 1
Z p
/0
ðsin/ÞðN2Þ=ðN1Þd/
ðþ if/0 > 0;if/0 < 0Þ
8>>>>><
>>>>>:
ð12Þ
The relationship between r and h is:
h ¼ 1
N 1 arcsin
h r
r0
N1
sin/0
i
 /0
 
or r ¼ r0 sin ðN 1Þhþ /0½ 
sin/0
 1=ðN1Þ
ð13Þ
The ﬁnal value of h is:
hf ¼ 1
N 1 ðp /0Þ ðþ if /0 > 0;if /0 < 0Þ ð14Þ
where the subscript ‘‘f’’ denotes the ﬁnal value of a variable.
The total cumulative velocity increment is:
DV ¼
Z T
0
kamkdt ¼ ½NðN 1ÞV0ðp j/0jÞ ð15Þ
These equations above could also be used for dimension-re-
duced IPN.
According to the ﬁrst equation of Eq. (5), we have:
€r ¼ ð1NÞrx2s ð16Þ
which indicates that if N> 1, €r will be always less than zero
during the engagement, and _r will always decrease. Then, for
_r0 < 0, the ﬁnal capture will be assured as long as N> 1 is
validated.
According to Eq. (7), for _r0 > 0, r ﬁrstly increase, which
makes j _rj decrease until j _rj ¼ 0. From Eq. (6) we can see that
at this time xs must be nonzero, then there will be continuous
positive commanded acceleration along the LOS, which could
decrease _r from positive to negative. According to the above
analysis, the capture must be inevitable. Therefore, the capture
condition of IPN for nonmaneuvering target is N> 1 except
the speciﬁc initial condition _r0 > 0 and xs0 = 0.
2.2. Dimension-reduced IPN with maneuvering target
A constant maneuver of target normal to the relative velocity
was considered in Ref.12 with the intention to prevent the
Ideal proportional navigation for exoatmospheric interception 979direction of relative velocity from turning to LOS. It is math-
ematically tractable to adopt this kind of target maneuver.
Assuming that the target maneuver is also normal to the
relative velocity but is located in IRPL in 3D space, we have:
at ¼ at ðrxser  _rehÞ
V
ð17Þ
where at is a constant. The relative dynamic equations are
shown as follows:
€r rx2s ¼ Nrx2s þ brxs
r _xs þ 2 _rxs ¼ N _rxs  b _r
rxsXs ¼ 0
8><
>: ð18Þ
where b= at/V.
Again, the IRPL rate is zero, and the results in Ref.12 could
be applied to this situation. xs and _r versus r could be obtained
as follows:
xs ¼ xs0 r
r0
 N2
þ b
N 2 1
r
r0
 N2" #
ð19Þ
" #
_r2 ¼ _r20 þ r20A2 1
r
r0
 2ðN1Þ
þ 2br
2
0A
N 2 1
r
r0
 N" #
þ b
2r20
ðN 2Þ2 1
r
r0
 2" #
ð20ÞFig. 2 Relationship of LOS coordinate system and LOS rotation
coordinate system.where A= xs0  b/(N  2). From Eq. (19) we can see that xs
will not drop to zero at the end of the engagement due to target
maneuver.
According to Eqs. (19) and (20), it could be concluded that
the capture condition of IPN for this maneuvering target is
also N> 1, no matter what the initial condition is.
However, sometimes the target acceleration may has com-
ponent along ex, then IRPL will rotate. Let at = [atr ath atx]
T
the relative dynamic equations are:
€r rx2s ¼ Nrx2s þ atr
r _xs þ 2 _rxs ¼ N _rxs þ ath
rxsXs ¼ atx
8><
>: ð21Þ
The equations above are highly nonlinear and difﬁcult for
closed-form analysis. A qualitative study will be conducted
in the following text.
The transformation matrix of the new LOS rotation coordi-
nate system from an original one in an inﬁnitesimal time inter-
val Dt is expressed as:
M ¼M1ðDgÞM3ðDqÞ ¼
1 Dq 0
Dq 1 Dg
0 Dg 1
2
64
3
75 ð22Þ
where M1 and M3 denote the basic Euler coordinate transfer
matrices around the ﬁrst and the third axes of a reference
frame, respectively; Dq= xsDt and Dg= XsDt. The relative
acceleration in the new LOS rotation coordinates will change
to be:
a ¼M
atr Nrx2s
ath þN _rxs
atx
2
4
3
5 ¼ aori þ aplus ¼ atr Nrx
2
s
ath þN _rxs
atx
2
4
3
5
þ
ðath þN _rxsÞxs
atxXs  ðatr Nrx2s Þxs
Xsath N _rxsXs
2
4
3
5Dt ð23Þwhere the subscripts ‘‘ori’’ and ‘‘plus’’ mean the original vari-
able and the additional variable, respectively. Considering
Xs = atx/(rxs), we have:
aplus ¼
ðath þN _rxsÞxs
a2tx=ðrxsÞ  ðatr Nrx2s Þxs
½N _r ðath=xsÞatx=r
2
64
3
75Dt ð24Þ
According to Eq. (24), aplus is an inﬁnitesimal compared with
aori, unless xs = 0. Then the relative motion is mainly decided
by aori and is hardly inﬂuenced by the rotation of IRPL.
When xs = 0, in the inﬁnitesimal time interval Dt,
aplus ¼ ½ 0 1 1TDt ð25Þ
which is not an inﬁnitesimal in this case. And the relative dy-
namic equations become:
€r ¼ atr
r _xs ¼ ath þ1Dt
Xs ¼ 1
8><
>: ð26Þ
From the second equation of Eq. (26), |xs| will not remain
zero. And according to Eq. (24), aplus will be an inﬁnitesimal
again soon. Therefore, the inﬂuence on the relative motion
in IRPL caused by Xs is so tiny that it could be ignored. There-
fore, 2D IPN could be directly constructed in IRPL to guide
interceptor in 3D space.
3. Implementation of IPN in 3D space
Usually, 3D guidance law is realized by constructing two 2D
guidance laws in two mutually vertical planes.
As shown in Fig. 2, OIxIyIzI is the inertial coordinate sys-
tem, OIxsyszs the LOS coordinate system, and (er,eh,ex) the
LOS rotation coordinate system.
According to the analysis in Ref.30 the unit vectors along
the three axes of LOS coordinate system could be expressed as:
xs ¼ cos e cos bxI þ sin eyI  cos e sin bzI
ys ¼  sin e cos bxI þ cos eyI þ sin e sinbzI
zs ¼ sinbxI þ cos bzI
8><
>: ð27Þ
where xI, yI, and zI are unit vectors along the three axes of the
inertial frame OIxIyIzI, e the LOS elevation angle, and b the
980 K. Li et al.LOS azimuth angle. The angular velocity of LOS could be ex-
pressed as:
xs ¼ _b cos eys þ _ezs ð28Þ
And then, xs, eh and ex could be obtained as:
xs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð _b cos eÞ2 þ _e2
q
ex ¼ ð _b cos eys þ _ezsÞ=xs
eh ¼ ð_eys  _b cos ezsÞ=xs
8><
>: ð29Þ
Traditionally, 3D IPN could be realized by constructing two
2D IPN in the vertical plane and horizontal plane of LOS
coordinate system. The relative dynamic equations32 in LOS
coordinate system are:
€r rðx2y þ x2zÞ ¼ atx  amx
r _xz þ 2 _rxz þ rxxxy ¼ aty  amy
r _xy þ 2 _rxy  rxxxz ¼ atz þ amz
8><
>: ð30Þ
where xx ¼ _b sin e is the component of x (angular velocity of
LOS coordinate system) along xs, xy ¼ _b cos e the compo-
nent of x along ys, and xz ¼ _e the component of x along
zs; [atx aty atz]
T and [amx amy amz]
T are the accelerations of
target and interceptor in the LOS coordinate system,
respectively.
According to the deﬁnition of 2D IPN, the commanded
acceleration in the plane spanned by xs and ys is:
am1 ¼ Nðr_e2xs  _r_eysÞ ð31Þ
And the commanded acceleration in the plane spanned by xs
and zs is:
am2 ¼ N rð _b cos eÞ2xs þ _r _b cos ezs
h i
ð32Þ
Then, the total commanded acceleration of traditional 3D IPN
is:
amIPN ¼ am1 þ am2
¼ Nðr_e2xs  _r_eysÞ þN½rð _b cos eÞ
2
xs þ _r _b cos ezs
¼ Nfr½_e2 þ ð _b cos eÞ2xs  _rð_eys  _b cos ezsÞg
ð33Þ
Substituting Eq. (29) into Eq. (33), we have:
amIPN ¼ Nðrx2sxs  _rxsehÞ ¼ Nðrx2ser  _rxsehÞ ð34Þ
which is the same as Eq. (4):
Accordingly, 3D IPN realized by traditional method is
actually the dimension-reduced IPN proposed in this paper.
In this way, we can directly construct dimension-reduced
IPN in IRPL to solve 3D interception problems, which makes
the analysis and implementation of 3D IPN much easier than
the traditional method.
The expression of commanded acceleration of dimension-
reduced IPN could be rewritten as:
amIPN ¼ Nrx2ser N _rxseh ¼ NxsðVher  VrehÞ ð35Þ
where the component of amIPN along er is always positive.
Since |Vh| is usually quite smaller than |Vr|, for exoatmo-
spheric interception scenarios, the longitudinal booster of
interceptor does not have to be as powerful as the transverse
boosters, which makes the implementation of IPN much
easier.4. Capture region of dimension-reduced IPN with limited
commanded acceleration
The capture condition of unlimited 2D IPN is N> 1, for
nearly all initial conditions and no matter what the target
maneuver is.12 The capture capability of unlimited 3D IPN
with nonmaneuvering target was studied by Wang and Zhou19
with the help of method in Refs.16–18 and the capture condition
was proved to be the same as its 2D version. However, the
magnitude of commanded acceleration of IPN may be limited
with an upper boundary in practical interception scenario, as
below:
satðatrans=longiÞ ¼
amax atrans=longi > amax
atrans=longi amax 6 atrans=longi 6 amax
amax atrans=longi < amax
8><
>: ð36Þ
where the subscript ‘‘trans/longi’’ means that the acceleration
is either the transverse or the longitudinal commanded acceler-
ation of the dimension-reduced IPN, and the subscript ‘‘max’’
the maximum value of a variable. Under this situation, the ini-
tial capture regions for limited IPN with nonmaneuvering and
maneuvering targets will shrink.
Tyan21 proposed a novel method to study capture region of
TPN by using the modiﬁed polar coordinate (MPC) system.
However, the dynamic equations used in his paper are com-
plex, and the physical meanings of variables are not clear en-
ough for comprehending. Eq. (2) could also be used to
generate the same dynamic equations adopted in Ref.21 to ana-
lyze the capture region of IPN.
The intermediate variables used are:
u ¼ _rﬃﬃ
r
p ; v ¼ ﬃﬃrp xs; w ¼ 1ﬃﬃ
r
p ð37Þ
which was adopted by Tyan. Then, Eq. (2) could be trans-
formed into:
du
dt
¼ wð 1
2
u2 þ v2 þ atr  amrÞ
dv
dt
¼ wð 3
2
uvþ ath  amhÞ
dw
dt
¼  1
2
w2u
8>>><
>>>:
ð38Þ
Introducing the independent variable s whose derivative with
respective to time is equal to w,
ds
dt
¼ w ð39Þ
Eq. (38) is modiﬁed as:
du
ds
¼  1
2
u2 þ v2 þ atr  amr
dv
ds
¼  3
2
uvþ ath  amh
dw
ds
¼  1
2
wu
8>>><
>>>:
ð40Þ
The capture is assured by:
rf ¼ 0; _rf < 0 ð41Þ
For preventing the commanded acceleration from inﬁnite,
xsf <1. When capture happens, according to Eq. (37),
u ! 1; v! 0 .
Fig. 4 Phase portrait of limited dimension-reduced TPN for
nonmaneuvering target.
Ideal proportional navigation for exoatmospheric interception 981Deﬁnition 1. The capture region is the region on the (u, v)
plane where the state trajectories from initial states (u0, v0) will
lead to (uf, vf) = (1, 0).
Deﬁnition 1 was given by Tyan.21 From Eq. (40) we can
see, u and v are decoupled with w, which indicates that the cap-
ture region is depicted by:
du
ds
¼  1
2
u2 þ v2 þ atr  amr
dv
ds
¼  3
2
uvþ ath  amh
8>><
>: ð42Þ
From the deduce process above we can see that the same equa-
tions could be obtained without the help of MPC.
4.1. Capture region of dimension-reduced IPN with
nonmaneuvering target
According to Eq. (4) and Eq. (37), the commanded accelera-
tion of dimension-reduced IPN could be expressed as:
amr ¼ Nv2
amh ¼ Nuv
(
ð43Þ
For nonmaneuvering target, substituting Eq. (36) and Eq. (43)
into Eq. (42), the differential equations which depict the cap-
ture region of limited dimension-reduced IPN are obtained as:
du
ds
¼  1
2
u2 þ v2  satðNv2Þ
dv
ds
¼  3
2
uv satðNuvÞ
8><
>: ð44Þ
The phase portrait of limited dimension-reduced IPN is shown
in Fig. 3, when N= 4, amr,max = amh,max = 8g0 and
g0 = 9.8 m/s
2. The units of the point in the phase plane are
(
ﬃﬃﬃﬃ
m
p
=s,
ﬃﬃﬃﬃ
m
p  rad=s).
The capture region of limited dimension-reduced IPN with
nonmaneuvering target is bounded by the following four
curves:
(1) The particular trajectory starting from (5.4176, 9.6476)
to (1, 0).
(2) The particular trajectory starting from (5.4176, 9.6476)
to (1, 0) which nearly crosses the saddle equilibrium
point (0, 8.8544).
(3) The straight line expressed by m= 0.Fig. 3 Phase portrait of limited dimension-reduced IPN for
nonmaneuvering target.(4) The particular trajectory starting from (+1, 0) to (1,
0) which nearly crosses the saddle equilibrium point (0,
8.8544).On the other side, the differential equations, which depict
the capture region of limited dimension-reduced TPN, are
shown as follows:
du
ds
¼  1
2
u2 þ v2
dv
ds
¼  3
2
uv satðNuvÞ
8><
>: ð45Þ
The phase portrait of limited dimension-reduced TPN is
shown in Fig. 4, when N= 4, amr,max = amh,max = 8g0.
The capture region of limited dimension-reduced TPN in
IRPL with nonmaneuvering target is located in the triangular
region bounded by the following three curves:
(1) The particular trajectory starting from (8.5975, 6.0793)
to (1, 0).
(2) The particular trajectory starting from (8.5975, 6.0793)
to (1, 0) which nearly crosses the saddle equilibrium
point (0, 0).
(3) The particular trajectory starting from (0, 0) to (1, 0).
The comparison between capture regions of IPN and TPN
shows that the capture capability of limited IPN is much more
powerful than limited TPN.
4.2. Capture region of dimension-reduced IPN with maneuvering
target
It is discussed above that the target maneuver along ex hardly
inﬂuences the relative motion, then it could be assumed that:
at ¼ atrer þ atheh ð46Þ
Only the condition that the target utilizes maximum available
power to escape is considered, viz.,
atr ¼ atr;max; ath ¼ ath;max ð47Þ
Substituting Eq. (43) and Eq. (47) into Eq. (42), we have:
du
ds
¼  1
2
u2 þ v2 þ atr;max  satðNv2Þ
dv
ds
¼  3
2
uvþ ath;max  satðNuvÞ
8><
>: ð48Þ
Fig. 5 Phase portrait of limited dimension-reduced IPN for
maneuvering target.
Fig. 6 Phase portrait of limited dimension-reduced TPN for
maneuvering target.
Fig. 7 3D engagement for nonmaneuvering target.
Fig. 8 LOS rates of dimension-reduced IPN and TPN for
nonmaneuvering target.
Table 1 Initial state of interceptor and target in the inertial
coordinate system.
State xI axis yI axis zI axis
Interceptor position (m) 2837574.560 735589.795 119854.606
Interceptor velocity (m/s) 3141.902 2042.907 3505.658
Target position (m) 2882409.648 735033.324 80905.252
Target velocity (m/s) 1156.286 336.762 5620.968
982 K. Li et al.The phase portrait of limited dimension-reduced IPN is shown
in Fig. 5, when N= 4, amr,max = amh,max = 8g0,
atr,max = ath,max = 2g0.
The capture region of the limited dimension-reduced IPN in
IRPL with maneuvering target is bounded by the following
four curves:
(1) The particular trajectory starting from (4.6918, 8.3550)
to (1, 0).
(2) The particular trajectory starting from (4.6918, 8.3550)
to (1, 0) which nearly crosses the saddle equilibrium
point (1.1079, 7.7018).
(3) The particular trajectory starting from the u axis to
(1, 0) which nearly crosses the saddle equilibrium
point (1.1079, 7.7018).
(4) The u axis.
On the other hand, the phase portrait of limited dimension-
reduced TPN is shown in Fig. 6, when N= 4, amr,max =
amh,max = 8g0, atr,max = ath,max = 2g0.
The capture region of limited dimension-reduced TPN in
IRPL with maneuvering target is bounded by the following
four curves:(1) The particular trajectory starting from (8.8544, 4.4272)
to (1, 0).
(2) The particular trajectory starting from (8.8544, 4.4272)
to (1, 0) which nearly crosses the saddle equilibrium
point (6.4901, 1.2080).
(3) The particular trajectory starting from the u axis to
(1, 0) which nearly crosses the saddle equilibrium
point (6.4901, 1.2080).
(4) The u axis.
From Figs. 5 and 6 we can see that the capture region of
limited IPN with maneuvering target is quite larger than that
of TPN.
The simulation results indicate that the capture region of
IPN will shrink if there is an acceleration limitation of inter-
ceptor, and the capture capability of IPN is much more pow-
erful than that of TPN.
Fig. 9 Acceleration components of dimension-reduced IPN and
TPN for nonmaneuvering target.
Fig. 12 Acceleration components of dimension-reduced IPN
and TPN for Target Maneuver I.
Table 2 Miss-distances of IPN and TPN for maneuvering
target.
Guidance
law
Miss-distances
of Target Maneuver
I (m)
Miss-distances
of Target Maneuver
II (m)
IPN 0.3912 0.3669
TPN 0.6225 0.5073
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Simulation results are presented for a 3D exoatmospheric inter-
ception in this section. Dimension-reduced IPN and TPN are
used to guide the interceptor. The sampling periodof the homing
seeker is 10 ms and the navigation constant N is 4. The initial
states of interceptor and target in the inertial coordinates
OIxIyIzI which is shown in Fig. 2 are given in Table 1.Fig. 10 3D engagement for Target Maneuver I.
Fig. 11 LOS rates of dimension-reduced IPN and TPN for
Target Maneuver I.
Fig. 13 3D engagement for Target Maneuver II.
Fig. 14 LOS rates of dimension-reduced IPN and TPN for
Target Maneuver II.
Fig. 15 Acceleration components of dimension-reduced IPN
and TPN for Target Maneuver II.
Fig. 16 IRPL rates and the target maneuvering acceleration
along ex of dimension-reduced IPN and TPN for Target Maneu-
ver II.
984 K. Li et al.From Table 1 it is shown that, r0 = 59.393 km,
_r0 ¼ 4:610 km/s, xs0 = 4.569 · 102 rad/s. According to the
approximate expression of zero effort miss-distance (ZEM),33
ZEM ¼ Vhtgo ¼ r
2jxsj
j _rj ð49Þ
where tgo is the time-to-go which is approximated by r=j _rj.
The initial zero effort miss-distance is 30.131 km, which is
exceptional large for exoatmospheric interception. These initial
states are designed to demonstrate the advantages of IPN over
TPN. For a nonmaneuvering target, the simulation results are
shown in Figs. 7–9.
As seen from Fig. 7, the interception of IPN is faster than
TPN, for there is a longitudinal acceleration of IPN along
LOS. According to Fig. 8, IPN will cause xs to decrease faster
than TPN, which makes the transverse acceleration of IPN
lower than that of TPN in the latter phase of interception, as
shown in Fig. 8. From Fig. 9 it could be also found that the
longitudinal acceleration of IPN is quite smaller than the
transverse acceleration of IPN.For maneuvering target, assume that at = 10g0eh, which is
the so-called ‘‘Target Maneuver I’’. The simulation results are
shown in Figs. 10–12.
Fig. 10 also indicates that the engagement of IPN is faster
than that of TPN. From Fig. 11 it is shown that when there is
a targetmaneuver, IPN could decreasexs to a lower value rather
than TPN. Since IPN could increase j _rj and decrease |xs| more
efﬁciently rather than TPN, according to Eq. (49), the ﬁnal
miss-distance of IPN will be smaller than that of TPN as ex-
pected. The miss-distances of IPN and TPN are shown in
Table 2.
Fig. 12 indicates that the magnitude of the transverse accel-
eration of IPN is close to that of TPN, while the longitudinal
acceleration of IPN is much smaller.
As at = 10g0eh and am ¼ Nðrx2ser  _rxsehÞ are both located
in IRPL, ax is zero. According to Eq. (2), Xs = 0, and IRPL
will keep ﬁxed in the inertial space. Considering
at ¼ 10g0½ 0 1 1 T which is called ‘‘Target Maneuver II’’,
the simulation results are shown in Figs. 13–16.
Figs. 13–15 indicate the same principles that are indicated
by Figs. 10–12, while Fig. 16 shows that Xs will ﬁnally and
gradually reduce to zero at the latter phase of the engagement,
which makes IRPL tend to be ﬁxed in the inertial space. And
atx will decrease to zero if IRPL rate reduces to zero. The miss-
distances of IPN and TPN against this maneuvering target are
also shown in Table 2.
Figs. 9, 12 and 15 indicate that for exoatmospheric inter-
ception, only an additional longitudinal thruster with a smaller
thrust compared with the transverse thrusters is needed for the
interceptor to realize IPN.
6. Conclusions
In this study, IPN in 3D space is explored. Dimension-reduced
IPN is proposed and the homing features are analyzed. The
capture regions with nonmaneuvering and maneuvering tar-
gets are investigated with the help of phase plane method.
An exoatmospheric interception simulation is conducted to
demonstrate the presented method. Conclusions are shown
as follows:
(1) The rotation of IRPL will hardly cause any inﬂuence on
the ﬁnal capture, and dimension-reduced IPN could be
constructed in IRPL directly to guide interceptors in
3D space.
(2) The capture region of IPN is quite larger than that of
TPN, whether the target is maneuvering or not.
(3) The miss-distance of IPN is smaller than that of TPN,
because IPN increases the magnitude of the relative clos-
ing speed and decreases the magnitude of LOS rate more
effectively over TPN.
(4) For exoatmospheric interception, only an additional
longitudinal thruster with a smaller thrust compared
with the transverse thrusters is needed for the intercep-
tor to realize IPN in 3D space.
Because of its superior performance and ease of on-board
implementation, IPN is a more natural choice for exoatmo-
spheric interception rather than TPN, especially when the tar-
get is with considerable maneuvering acceleration and the
initial ZEM is large.
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